SOLUTIONS FOR TODA SYSTEMS ON RIEMANN SURFACES 



JIAYU LI, YUXIANG LI 

Abstract. In this paper, we study the solutions of Toda systems on Riemann sur- 
face in the critical case, we prove a sufficient condition for the existence of solutions 
of Toda systems. 



Dedicated to Professor Ding Weiyue on the occasion of his 60's birthday. 

1. Introduction 

Let be a compact Riemann surface with unit area 1. Ding-Jost-Li-Wang 

[8] studied the differential equation Am = Stt — Stt/ic" on (T,,g), it is the so called 
Kazdan- Warner problem [16] related to the Abelian Chern-Simons model (see [3], 
[4], [6], [5], [7], [1], [2], [9], [10], [11], [22], [13], [14], [23], [20], etc). They pursued a 
variational approach to the problem. They tried to minimize the functional 



Jiu) 



- j \Vu\'^dVg + 8n f udVg - Stt log j he'^dVg > C, in i/^'^(S), 



1.1^ 



for some constant C > 0. Because it is the critical case of the Moser-Trudinger 
inequality (1.1), the analysis is subtle. 

Let K denote the Cartan matrix for SU{N + 1), i.e.. 
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In this paper, we consider the Toda systems on {^,g) which is related to the non 
Abelian Chern-Simons model [21]: 



-Aui = Ml 



exp(Sj=iQ»i^j) 

j=l OiijUj^ 



/sexp(E 



1), for 1 < i < A. 



If Mj < An, Jost-Wang [15] proved the existence of solutions. In the case that E is a 
torus, A = 2, max{Mi, M2} > Air and min{Mi, M2} 7^ An, Marcello-Margherita [19] 
proved the existence of the solution. 

They studied the problem by considering the functional for -ui, ■ ■ ■ , -uat G //^'^(S), 
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1 ^ f 



M, log / expifl c^ijUj)dVg. (1.2) 

i=l "^^ .7=1 



Jost-Wang [15] proved that the functional has a lower bound if and only if 

Mi<47r, for z = 1,2,--- ,A^. 

Marcello-Margherita [19] obtained a non-minimizing critical point of the functional 
motivated by an earlier paper of Struwe-Tarantello [22] . The idea was later also used 
by Djadli and Malchiodi [12] to study the existence of conformal metrics with constant 
Q-curvature. It is clear that Mj = 4n is the critical case of the functional. Whether 
it admits minimizer is subtle. In this paper we study this problem. For simplicity, 
we consider only the case that N = 2, the general case need only more calculations. 
In our case the functional is 

^2 2 2 

^{ui,U2) ^ - / ciiji'^UiWuj + 8'KUj)dVg -"^iTTlog exjpl'Y aijUj)dVg, 
the To da systems is 

exp(Ej=i ajj^j) IN f ^^ 'i\ 

where an = = 2 and = 021 ~ —1. 
Our main result is as follows: 

Main Theorem Let T, be a compact Riemann surface with area 1 . // the Gauss 
curvature KofJ^ satisfies that 

maxiC(p) < 2n, (1.4) 
pes 

then $('Ui,-U2) has a minimizer. 

We consider the sequence of minimizers u" = {ul, u^) of $(47r-e,47r-e) for small e > 0. 
Then satisfies a Toda type system. If converges to = (^5,^2) in i?2 : = 
H^'^CE) X iy^'^(E), then it is clear that $(ii°) = inf^eifj ^i'^)^ i-®-; is a minimizer 
of $. If M*^ does not converge in H2, in this case, we say that u*^ blows up. Then there 
are two cases happened according to Jost-Wang's result. For each case, we derive a 
delicate lower bound of $ which is one of the main points in this paper. We apply 
capacity to calculate the lower bound, so that we need not know details in the neck. 
Such a trick has been used by the second author of this paper in [17], [18] to prove 
the existence of extremal functions for the classical Moser-Trudinger inequality on a 
compact manifold. Another main point of this paper is the delicate constructions of 
blowing up sequences 0^ in both cases, so that $(0") are strictly less than the lower 
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bound derived before, and consequently we get a contradiction to the assumption 
that u'' blows up, which proves our main theorem. 

2. Review of known results 

For any u = {ui,U2) G //^'^(E) x H^'^{E), we set 
1 f 

= -y {\Vui\'^ + \Vu2\'^ + VuiVu2 + S{47r-e)ui + 3{ATT-e)u2)dVg 

-(47r - e) log J^e'^'dVg - {Att - e) log j^e^^dVg. 
It is not difficult to check that 

if we set Vi = ^^^^ and V2 = 

By Jost-Wang's result ([15] Corollary 4.6), one sees that has a minimizer w"^ of 
the functional , i.e. we can find G H^'^(T,) x i/^'^(E) such that 

= inf 

Without loss of generality, we may assume that 

Je^'UVg^ je'^'^dVg^l. 

Then, we have the following equations: 

-A^ = (Stt - 2e)e"i - (47r - e)e"2 - (47r - e) 

-A^ = (Stt - 2e)e"2 - (47r - e)e"i - (47r - e) 
For i = 1,2, let 

-Sj = e E : there is a sequence — > a; s.t. (y^) — > +oo}. 

Jost-Wang [15] (section 5) proved that, there will be two possibihties: 
case 1: S*! = {pi}, and ^2 = {^2}, where pi p2 are two different points in E. 
In this case, we set, for z = 1, 2, 

K = '^li^D = max?/^, {rlf = e"""*, = j ^uldVg. 

Let (l^i ^)) be an isothermal coordinate system around Pi {i = 1,2), and 

we assume the metric 

g\a,^e^*{{dx'f + {dx'y) 

with (pi{0) = 0, i = 1,2. 

We set, for i = 1,2, = {x e '■ + "^t^ G ^i}, which expands to the whole 
M^. In Vt\, we have the equations: 

-(r^)2(47r - e)e"5(^!M^) _ (r^)2(47r - e)) , 
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where — Aq = + gf;^- Since U2 are bounded from above in Ql, it follows from the 
Harnack inequality and the elliptic estimates that u{ converges in Ci^^{M.'^) for any k 
to the function w which satisfies the equation 

( -Aw = Sne"", Vx G 

j w{x) < w{Q) = 0, and j^^e'^dx < 1- 

Hence, by the result in [7], we know that 

w — —2 log(l + 7r|x|^). 

In the same way, U2{x2 + r^x) — converges to w. 

We set ul = Jj, uldVg, we have the following proposition (see Lemma 5.6, and the 
proof of Theorem 3.1 in [15]). 

Proposition 2.1 We have Uj — > —00 forj — 1, 2. Furthermore, for any q G (1, 2), 

we have 

u'j — Uj converges to Gj in i/^'^(E), 

where Gi and G2 satisfy 

-AGi = 87r(5p, - A7r6p2 - 4:11, 
-AG2 = 87r5p2 - 47r5pi - 47r, 
J^G.dV, = 0, /ori = l,2 

where Sy is the Dirac distribution. Moreover, 

u'j — Uj converges to Gj in Cfg^(T,\{pi,p2})- 

RemcLrk 2.1: It is easy to see that, in Qi, 

Gi = -41ogr + Ai(pi) and G2 ^ 2\ogr + A2(pi) + gi (2.1) 

where r^ — x^ + x^, Ai{pi) {i = 1,2) are constants, and /i, gi are smooth functions 
which are zero at 0. Similarly, in Q2, we can write 

Gi = 21ogr + Ai(p2) + /2, and G2 = -41ogr + ^2(^2) + ^2- (2.2) 

where Ai{pi) {i = 1, 2) are constants, and /2, g2 are smooth functions which are zero 
at 0. 

Case 2: Si = {p}, and ^2 = 0- 

In this case, w| are bounded from above. Let {ft; x) be an isothermal coordinate 
system around p, similar to the case 1, we have 

u\(x\+rlx) -m\^ -21og(l + 7r|a;|^). 

We also have the following proposition (c.f. [15]): 

Proposition 2.2 Let u\ he the average of u\. We have u\ —00. Furthermore, 
for any q G (1, 2), we have 

ul — ul converges to Gi in f/^'^(E), 
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and 

U2 converges to G2 in i/^''^(E), 

where G\ and G2 satisfy 

-AGi = 8n5p - 47re^2 _ 4^^ 

-AG2 = 87re'^2 _ ^^^^^ _ 4^^^ ^2_3-) 
Jj^GidVg = 0, Jj^e'^'''dVg = 1, sup G2 < +00 

where Sy is the Dirac distribution. Moreover, 

u\ — u\ converges to Gi, and u% converges to G2 in Cfg^{T\{p}). 

Since G2 is bounded from above, we can deduce from the equation (2.3) that 
= 21ogr + /i in where h e Hff^{Q) for any q > 0. Then e^' = r^e'^ e Cl^^{Q), 
and then A^h G Cig^{Q). Therefore, by the standard eUiptic estimates, G2 — 2 log r is 
smooth in n. So, we can write 

Gi^-Uogr + Ai{p) + f, and G2 ^ 2logr + A2{p) + g (2.4) 

where = + x|, Ai(p) (i = 1,2) are constants and /, g are smooth functions 
which are zero at 0. 

3. The lower bound for case 1 

We assume that ^1(1^2 = 0, and Br{pi) C il^. We set = |(2«^+^)-|(2m^+m^). 
Then, in Br{pi), we have 

-Avl = {4:71 - e)e"2 - {An - e) G L°°(5^(pi)) 

^2UBr(pi) ~^ 1(2^2 + Gi) 

S*^ Ik2llci ^ C*, where G is a constant depending only on r. 
By a direct calculation, one gets, 

If (|VMi|' + |Vi^2r + VMiVM2)rfVg = ^/ {\Wul\'' + 3\W2\'')dVg 

= 1/ |V<|W, + G(5^). 

Recall that Ui{xl + rjx) — ^ i/; in C''{Bl{0)), for any fc, we have 
7/ IV^IW^^^/ |V«;|2cix+^/ |V<|Wg + 0(1) + 0(^2). 

Let 

— inf u^, 6^ = sup u{. 

We set a\ — h\ = m\ — u\ -\- d\. It is clear that, for fixed L and 5, 

— > t«(iv) — sup Gi as e — > 0. 
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Let fl — max{min{uf, al},bl}. We get 

/ \Vul\^dVg > [ l^flfdVg 

J Bs{xl)\B^,e{xl) J Bs{xl)\B^,e{xl) 

= / iVoAf rfx 

J Bs{xl)\BLrl{xl) 

> inf / iVo^Pda; 

*lasi,.(0)=a!,*las5(0)=6! J Bi^,e{Q)\Bs{0) 

Here, I Voi?P = I I^P+ll^ p. It is well-known that inf / |Vo*P(ix 

is uniquely attained by the function (p which satisfies the equation 



Hence, 



and then 



-Ao0 = 

(p\dBj^,e = a\,(p\oBi = b\. 



ai — 6f , tti log (5 — 61 log Lru 

^ ^ logr+ ^ ^ 1 6 



/ 



— log Lr| + log 5 — log Lrf + log 5 ' 



,^ ,,2 , 47r(af -6^2 



B«{o)\Bi.j (0) - log(Lrf )2 + log 52 

Therefore, we have 

A7r{ml - ul + dl)^ 



J Bx(x'i)\Br^e(x';) 



B,{xi)\B^,.^ {xD - log L2 - log (rf )2 + log 52 

Recall that — log {rlY — m\, we get 



/ 



B,ixl)\B,^.^{xli II ^ - "^1 ^ -1 ^ 



+47r(l-|i)2(logL2-log5 



where A and A' are constants which depend only on 5 and L. 
Then, we have 



\f {\Vui\'+\Vu2\'' + Vu^Vu2)dVg 

J Bs{x\) 

> \ I \Vw\Hx + + 2T,d\{l - 4) + ^(1 - 4)'(log^' - log^^ 
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Similarly, we have 

+;r(l - ^)^(logL^ - log 5^) + ^ + o(l) + 0(^^). 



It concludes that 



\ [ (|Vmi|^ + IVmsI^ + VmiVm2)c?V; + (47r - e)iZ'i + (An - e)ul 

> i / (|Vwi|^ + |Vu2p + VuiVu2)dVg + Attu{ + Anul 

•"J Bg{x{)LlBs{xl) 

>\f \Vw\'dx+ J: L ^^-^ + + 2ndt{l - 4) + ^(1 - ^nogL' - logs') 
+ E (^ + 0(1) + 0(52) 

>i/ |V«;|2da;+ V {nml{l + + 2ndl{l - ^) + n{l - ^^XogL" -\og5 

i=l,2 ^ 

We set sf = IH — Then, for fixed L, 5, we have 

1 1 {\Vui\'^Vu2\'+VuiVu2)dVg + {An-€)u\ + {AT:-e)ul > V mKs-+C(^))'+C. 
6J s ^ m\ 

Since < C, we see that 



Hence for both z = 1, 2, ^ as e ^ 0. So, 

Bs{x\)^Bs{xl) 



\ I (|Vui|2 + \Vu2\' + VuiVu2)dVg + (47r - e)u\ + (47r - e)ul 

"^J B!:(x',)UBf:(x%) 



>2 



\ f \Vw\'dx + Andl + Andl + STrQogL^ - log^^) + o(l) + 0{d') 
■I (3-1) 

= I / \Vw\'dx + 87rw(L) + STrQogL^ - log^^) 

J Bz^ 

-47rsup9B^(pj) Gi - 47rsupaB,(p2) ^2 + o(l) + 0(5'). 
By a direct calculation, we obtain 

/ \Vw\''dx ^167r\og{l + nL')- (3.2) 
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Moreover, by (2.1) and (2.2), we have 

kl {\Vui\^ + \Vu2\^ + VuiVu2)dVg 

= \ [ (iVGil^ + iVGsl' + WGiWG2)dVg + o(l) 

= -\T. I (G,^ + + ^i£±^)d^, + 0(1) 

i=i,2J dBsipi) on on 2 

+ / 277(^1 + G2)dVg + o(l) (3-3) 

J Bs{pi)+Bs(p2) 

- iS,2 Jo^^'~d^^ ^'~d^ + 2 ^"^^1^=^ + ^^^^ 

+ / 27r(G'i + G2)dVg + o(l) 

= -167rlog(5 - 27rA(pi) - 27r^(j92) + o(l) + 0(51og5). 
In the end, (3.1), (3.2) and (3.3) imply that 

inf$o(M) > -87rlog7r-87r-27r(Ai(pi)+>l2(P2))- 

4. Lower bound for case 2 
In this case, we set V2 = 1(2^2 + ul) — 1(2^2 + ul). Then, we have 

-Av| = (47r - e)e"2 - (47r - e) 

'^^2 = 



By the standard clhptic estimates, ||'y2||ci(M) < C. 
Similar to the case 1, we have 



If {\Vui\'' + \Vu2\^ + VuiVu2)dVg^] [ \Vul\^dVg + 0{5^), 

37 Bsixl) AJ Bsixl) 

and 

1/ \Vu,\'dVg + {47r-e)u{ 

> i / \Vw\'dx + ( ^M±^ + 27r(il(l - 4) + vr(l - 4)'(log^' - ^^S^')) 
Bl \ ml ml ml J 

By an argument similar to the one used in the case 1, we can show that ^ — > — 1, 
hence 



I / (iVzxip + IVM2I' + VuiVu2)dVg + (47r - e)u{ 
>\j |V«;|2cZa; + 47rt(;(L) + 47r(logL2-log(5^) -47r sup Gi + o{l) + 0{5'^). 

J Br. aRj,(r„) 
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Set 

Gi = -4:logr + Ai{p) + o{x), G2 = 2logr + A2{p) + o{x). 
Applying (2.4), we get 



I J ^ ^{\Vui\'^ + \Vu2\^ + VuiVu2)dVg 

^ dBsip) on on 2 

+27r/ {Gi + G2)dVg-2Tr [ G2dVg + o{l) + 0{S\og5) 

= -87rlog5 - 27rAi(j9i) - 2n J ^G2dVg + o(l) + 0{6logd). 



In the end, we obtain 

inf $o(ti) > -47rlog7r - 27rAi(p) + 27ry^ G'2C?V's- 

5. Test functions for case 1 

In this section, we will construct a function = {4>i,(f)2) £ H^'^{M) x H^'^{M), 
such that 

$0(0) < -STTlogTT - Stt - 2n{A2{pi) + Ai{p2)), 

whenever (1.4) holds. So, under the assumption (1.4), the case 1 will not happen. 
Let (fi,; (x, y)) be an isothermal coordinate system around pi (i = 1,2). We set 



r{x, y) — ^fx^~+^, and Bs = {{x, y) : x^ + y^ < 6^}. 
We assume that near (z = 1, 2), for each k— 1, 2, 

Gk = ak{pi) logr + Ak{pi) + Xk{Pi)x + iJ^k{Pi)y 

+ak{pi)x^ + Pk{Pi)y'^ + lk{Pi)xy + h{x, y) + 0(/). 
We have ai(pi) = 02(^2) = —4, and 01(^2) = 0^2(^1) = 2. Moreover, we assume that 

^In, = e'^^(c?x2 + (iy2), 

and 

= &i(Pi)2; + &2(Pi)y + ci{pi)x'^ + C2{pi)y^ + Ci2{pi)xy + O(r^). 
It is well known that 

K(pi) = -(Ci(pi) + C2(pi))> 

|Vm| = \Vu\'^dxdy, 

and 

= l^rcf^, (^ = aB.). 
For Qjfe and we have the following lemma: 
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Lemma 5.1 For any k,i, we have 

<y-k{Pi) + fik{Pi) = 27r. 

Proof. Near pj, we have 

2ak{pi) + 2(3k{pi) + 0(r) = AoG'fe(x, y) = e-'^^47r. 

□ 

We choose 

^(f) + '^i(Pi)^cos6' + yUi(pi)rsin6' G -Bi,,(pi) 

Gi - T/ii/r + 4 log Le - 2 log (1 + ttL^) - ?/) e ^2L. \ Si,(/>i) 

Ci - //f + 41ogLe - 2 log (1 + ttL^) - Ai(pi) (x, y) G ^2^^ \ 5Le(P2) 



and 



— + Ai(j02j^cos6' + ^1(^2)7" sm t/ 

+61ogLe-21og(l + 7rL2) + ^(p2) - Ai(pi) {x,y) e ^^.(ps) 

Gi +41ogLe - 21og(l + 7rL2) - ot/iers, 



tw(f) + A2(p2)rcos6l + y[/2(p2)rsin6' e Bu{p2) 

G2 - ?72^r + 4 log Le - 2 log (1 + 7rL2) - ^2(^2) (x, y) G B^Le \ BUP2) 

G2 - ViHl' + 4 log Le - 2 log (1 + ttL^) - ^2(^2) {x, y) G B^u \ Bu{Pi) 
-^^^^i^i^^f^i^ + A2bi)r cos ^ + /i2(pi)r sin ^ 



+61ogLe - 2 log (1 + ttL^) + ^2(^1) - ^(^2) G BLe{pi) 

G2 + 4 log Le - 2 log (1 + ttL^) - ^2(^2) others. 
Here, 

i/f = Gfc - afe(pj) logr - Afe(pj) - Ajfc(p,)rcos6l - Hk{pi)rsva.e, 

and ?7i is a cut-off function which equals 1 in BuiPi), equals in We may 

assume that 

|V,.| < ij. 

Now, we compute $o(0)- 

Firstly, we compute |V0ip(iV^ and J-^ \ V(f)2\^dVg. 
Let n = E \ {BuiPi) U BLe{p2)). Then 



/ |V0i|W„= / \V(t>i\''dxdy+ [ iVGipdK- 

i=l,2 J S 1=1 2 ^ 
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It is clear that we have 



J BlJp2) 4: J Bl 



and 

/ I V0i|'cZy, - / \Vw\^dxdy + 7r(Le)'(A?(pi) + 

J B^eipi) J Bl 

Calculating directly and using the fact that Jq"^ hdO — 0, we obtain, 

/ WG.WviHrdVg =-/ ^HrdS,-47r[ ViH^dV, 

is ''J dBUpi) dn J b^l.\bl, 

= - / ( h Ai(pi) COS 6* + yui(pi) sin ^ + 0(r)) 

Jo r 

X (ai (pi)r2 cos^ + /3i(pi)r2 sin^ ^ + /i + 0(r^))rde 
= 47r(«i(pi) + /3i(pi))(Le)2 + 0(Le)4 
= 87r2(Le)2 + 0(Le)l 

Similarly, we get 



It is obvious that 



[ jVvjHri'dV,^ [ 0{r')dV,^0{{Ler). 

J ^ J B2Le\BLeiPj) 

Hence 

/ \V(t>i\^dVg ^ - ( \Vw\^dx - 8Tr\Lef + [ \VGi\^dVg 
+7r(Le)^ ^ (A?(p,) + + 0(Le)^ 

i=l,2 

In the same way, we can show that 

/ \V(t)2?dV„ = \Vw\''dx-%T:^{Lef + I \VG2?dV„ 

J H AJ Bl J n 

+n{Lef (^2(pO + ^^l{P^)) + 0{Le)\ 

1=1,2 
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Next, we compute J-^ V0i V02<^V^- We have 
/ V4>iV(l)2dVg = E / V(l)iV(f>2dVg+ [ VGiVG2dVg 

J T, i=l,2J BL.ipi) J n 

-j WGiWr]iHl^dVg - J ^VG2VrjiHf'dVg - j WGiWr]2Hl^dVg 
-f VG2Vmm'dVg + E / VmHV^mHl'dVg 
= - / iVwl^dx + 7r(Le)2 ^ {MPi)>^2{Pi) + f^i{Pi) f^2{Pi)) 
-87r(Le)2+/' VGiVGsdl^p + 0((Le)^). 
Then, we calculate J ^{\VGi\^ + iVGaP + VGiVG2)dVg. We have 
y {\VGi\'' + \VG2\'' + VGiVG2)dVg 

•J dBUpi)+dBUP2) ^ dn dn 2 ^ 

+67r / (Gi + G2)dVg 

Lemma 5.2 For any k,m,i = 1,2, we have 
f dG 

/ Gk^-^dSg = 27rafc(/)j)a^(pj)logr + 27r^afe(pi)r^ 

J dBripi) dn 

+7rr'^{Xk{Pi)Xm{Pi) + l^k{Pi)lJ'm{Pi)) 

+2'Kak{pi)A^{pi) + 47rV^A^(pj) 
+A-K^r^am{pi) logr + 0(r''logr). 
Proo/. Since J^"" h{r, e)de = J^"" f{r, e)de = 0, we have 



dr 

I Gk^^dSg = / ( ^^^i^ + Afc (pi) cos 6* + yUfe (pi) sin 

J dBr(p,) dn J r 

+2rak{pi) cos^ 9 + 2rj3k{pi) siv? 6 + 2r^k{Pi) sin 9 cos 9) 
xiamiPi) ^ogr + AmiPi) + XmiPi)rcos9 + iirn{Pi)rsm.9 
-\-r^(y.m,{Pi) cos^ 9 + r^(3m{Pi) sin^ 6* + r'^jmiPi) sin 6* cos 9)rd9 
+0(rMogr) 

= 27rafe(pi)a^(pi) logr + 7r(a^(pi) + /3m(Pi))«fe(Pj)'^^ 
+7rr^(Afe(pj)A^(pi) + HkiPi) IJ-miPi)) + 27rafe(pi)^m(Pi) 
+(27rr^A^(pi) + 27rr'^am{Pi) \ogr){ak{pi) + Pk{Pi)) 
+C)(rMogr). 
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□ 



Then 

dGi 

dBripi) dn 



I G^^dSg^ 327rlogr-87rV + 7rr2(A2(pi)+//KPi)) 
J dBr(vi) on 

-87rAi(/)i) +47rVA(/)i) - 167r^r^ log r + 0(r^ log r). 



/ G^^dS, = STTlogr + 47rV + 7rr\Xl{p,) + ^ilip^)) 
J dBripi) on " 

^AnAiipi) + An'^r'^Aiipi) + STT^r^ logr + 0(r^ log r). 

G.^dSg = -levrlogr - SttV + 7rr\XMX2{pi) + I^i{pi)fi2{pi)) 

dBr{pi) on 

-8ttA2{pi) + 47rVA2(pi) + 87rVlogr + O(r^logr). 

/dG 
G2^dSg = -167rlogr + 47rV + 7rr2(A2(pi)Ai(/)i) +At2(pi)//i(pi)) 
dBr{pi) on 

+AnAi{pi) + 47r^r^y4i(pi) — 167r^r^logr + O(r'^logr). 

Hence 

/ {\VG^\' + \VG2\')dV, = -{80n\ogLe-87T\Ler + n{Ler E (^'W + 
-87rAi(pi) - 877^2(^2) + 4TT\Lef{Ai{pi) + ^2(^2) + ^(pi) + ^1(^2)) 

-167r2(Le)2logLe + 47rA2(j9i)+47r^(p2))+47r/ GidVg + Anj G2dVg 
+0((Le)MogLe), 

and 

/ VGiVGsciyp = -(-321ogLe - 47r2(Le)2 + T^{Lef ^{Xi{pj)Xj{pi) + l^i{Pj)fij{Pi)) 
-47rA2(pi) - 47rAi(p2) + ^nA^ipi) + 277^2(^2) 

+27r2(Le)2(Ai(pi) + ^1(^2) + ^2(pi) + ^2(^2)) - Sn^LeflogLe) 

+27rEi=i,2 / {Gi + G2)dVg + 0{{Le)HogLe). 
It is easy to check that 

67r/ (^1 + ^2)^1^, = 67f\Le)\E^,,=l,2AiPJ))-247^\Le)HogLe 

J BLe(j)l)+BLe(.P2) 

+127r2(Le)2 + 0((Le)MogLe). 

So, we get 

/ (|V</.i|' + |V02|' + V0iV(/)2)c/K ^ If \Vw\^dxdy-AS7r\ogLe + 6TrAi{pi) 

+67r^(j92) + 0((Le)MogLe). (5.1) 
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We calculate j (0i + (j)2)dVg. We have 

J Yl J Bi^ J S 

+(41ogLe-21og(l + 7rL2)-Ai(pi))(l- / dVg) + 2\ogLef dVg 

A / \ f i^r f ^ 2 /■ «^ + 21og(l + 7rL^) 
+^1 P2 / dVg- Gi - / ^ -dVg 

+ E / {>^i{Pi)x + Hi{pi)y)dVg. 

1=1.2 J Br.Jpi) 



1=1,2 J Bi^^ipi) 

Since 



/ GidVg =[ \-2 log r + Ai{p,) + Ai{p2))27irdr + 0{{LeY log Le) 

J Bl,(pi)+Bl,(p2) J 

= -27r(Le)2logLe + 7r{Lef + {Ai{pi) + Aiip2))7r{Lef + 0{{Le)HogLe), 



we have 



2 

/ (l)^dVg = ^/ we'^^'''''yUxdy + 4:logLe + n{Leyiog{l + TTL'^) 

is 2 J Bi^ 

-7r(Le)2 - Ai(pi) - 21og(l + 7rL2) + 0((Le)MogLe). 



Similarly, we have 



/ (P^dVg = - I we^^'-^^'y'' dxdy + 4 log Le + n{Lef log (1 + ttL^)) 

J T, 2 J Bl 

-7r(Le)2 - A2{p2) - 2 log(l + ttL^) + 0{{LeY log Le). 



Moreover, we have 

/ coe'^^'^'^y^xdy = 27rL2 - 21og(l + ttL^) - 27rL2log(l + ttL^) + 0{L^e^logL), 

J Br. 



Bl 

hence, we get 



I ^((t>i + h)dVg = -Ai(pi) -A2(p2) + 81ogLe-41og(l + 7rL2) 

-2eMog(l + 7rL2) + 0((Le)MogLe). (5.2) 
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We denote B{pj) = and M, = z£&^. Then, we 

have 

e^'dVg 



f— — dxdy 



BLeiPl) 



(l + 7rr2)2 



-2Trrdr 



e\l - ^'Mi)j^^ + e^M, log(l + ttL') + e'0(e' log L) 



(l - Y^:^ + e'M, log(l + ttL^) + 0(e2) + 0(e=^ log L)) , 



and we also have 

e''"dVn 

-4 log r+(Ai (pi )+6i ipi))x+{ni (pi )+&2 ipi))y 



/ e-avg 

J B5(pi)\i?i,(pj) 



(l + 7rL2)2 7 

Xe('=i(Pi)+"i(?'i))^^+('^2(pi)+/3i(pi))j/2+(ci2(pi)+7i)a;j/+(l-r;i)//J'i+0(r3)2^^^^ 



Since outsider Bs{pi), Gi is bounded above, we have 



Notice that (j^^ - = 0{^), we get 



log J^e^'dVg = log + e^Mi log(l + ttL^) - 2e^(Mi + 1) log Le 



0{e') + 0{j-^). (5.3) 



In the same way, we can get 

log j ^e^^dVg = loge^ + e2M2log(l + 7rL=^) - 2e\M2 + 1) logLe 



+0(6^) + 0(-l). (5.4) 
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It follows from (5.1), (5.2), (5.3) and (5.4) that 

M<P) = \l \Vw\^dxdy + mogLe-2n{Ai{pi) + A2{p2)) 

Z J Bi^ 

-167r log(l + ttL^) - Stt log - Svre^ log(l + vrL^) 

-47re^ ((Ml + Ma) log(l + ttL^) - 2(Mi + M2 + 2) log Le) 

+0(-^) + 0(e2) + 0((Le)MogLe) + 0(e=^logL) 

= -STTlog — ^""iT^ ~ MMpi) + ^2(^2)) 

-47re^(Mi + M2 + 2)(log(l + ttL^) - 21ogLe) 

+0(-^) + 0(6^) + 0((Le)^logLe) + 0{eHogL) 

= -87rlog7r-87r-27r(Ai(pi) + ^2(^2)) 

-47r(Mi + M2 + 2)e2(log(l + ttL^) - 21ogLe) 

+0(-^) + 0{^) + 0((Le)MogLe) + 0(e=^logL). 
Under the assumption (1.1), we have Mi + M2 + 2 > 0. Let L^e^ = iog(- log e) ' 

$o(0) = -87rlog7r-87r-27r(Ai(pi) + ^2(^2)) 

-4^(Mi + M2 + 2)e'(-loge2) + o(e2(- log e^)). 

Then for sufficiently small e, we have 

$o(</') < -STTlogTT - Stt - 27r(Ai(pi) + ^2(^2)). 

This proves our claim. 

6. Test functions for case 2 

Assume that (1.4) holds on E, we will construct a function = (01, ^2) G H^'^{M) x 
//^'^(M), such that 

$o(0) < -47rlog7r - 27rA(;?) + 27r JCidVg. 

Let (Q; (x, y)) be an isothermal coordinate system around p. We assume that near p 

Gk = ak logr + Ajk(p) + XkX + fikV + ockX^ + (3ky'^ + 7^0;?/ + hk{x, y) + O(r^). 
We have ai{p) — —4, and 02(^1) = 2. Moreover, we assume that 

g\vi = e'^{dx'^ + (iy^), 

and 

= ftix + 622/ + cix^ + C2y^ + Ci2a:y + O(r^). 
Similar to the case 1, there hold 

afc + /?fc = 27r, i = l,2. 
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We choose 

' + Aircos^ + //irsin^ x & Bu{p) 

(t>i = \ G'i-r]i/i + 41ogLe-21og(l + 7rL2)-Ai(p) xeB2u\Bu{p) 

Gi + 41ogI/e - 2 log (1 + ttL^) - A^i) others, 



and 



(p2 = < 



Here, 



«;(f)+21og(l+7rL2) 
2 

G2 - r]H2 
G2 



+ 2 log Le + cos 6* + /X2r sin 6 + A2{p) x e Bl^{p) 



Hk^ Gk- Ofc log r - Ak + Afer cos 6' + //fcr sin 6, 



and is a cut-off function which equals 1 in Bieip), equals in 

Let Q = E \ Bl^{p). By an argument similar to the one used in Section 5, we can 
derive that 



|V0i|W, 



/ \V^i?dxdy+ I \VGA^dV„ 

-2 j VGiVr]H^dVg + J jVr]Hi\^dVg 

[ \Vw\'^dxdy - 167r(Le)2 + 7r(Le)2(A? + i4) + 0{{Le)*), 

J Br. 



I \V(l>i\^dxdy+ f |VG'2|W, 

-2j^VG2Vr]2H2dVg + J jVr}H2\^dVg 

- I yVw^^dxdy + 87r(Le)2 + T^iLefiXl + ixl) + OiiLef), 

4 J B,. 



and 



/ V4)^V4>2dVg = I VGiVG2dVg+ [ V (t>iV (t>2dVg 

J H J J BLeip) 

-j VGiVriH2dVg - J VG2Vr]HidVg + j Vr]H^Vr]H2dVg 

= -i / |V'u;|^(ix(iy + 7r(Le)^(AiA2 + /U1/U2) 

J Bl 

-47r(Le)2 + j VG^VG2dVg + 0{{LeY). 
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Note that 



I (iVGil' + iVGsr + VGiVG2)dVg 

JdBL,{p) on on 2 

+67r/ (Gi + G2)-67r/ GsdV^. 



Applying Lemma 5.2, we get 

dCi 



[ Gi^dSg= 327rlogr-87rV + 7rr2(A2 + ^2) 
J dBrip) on 

— 87rAi(p) +47r^r^Ai(p) — 167r^r^logr + O(r^logr), 



G2^c^5p= 87rlogr + 47rV + 7rr2(A^ + ^2) 
on 



+47rA2(p) + 47r2r2A2(;>) + STr^r^logr + O(r^logr), 



Gi—^dSg = -IGtt logr - SttV + T^r\\i\2 + /^i/Us) 
on 

-87rA2(p) + 47rV2A2b) + STrV^logr + O(r'^logr), 



Gs^ci^'g = -IGTTlogr + 47rV2 + 7rr2(A2Ai + ^X2^ll) 
dBr(p) on 

+47rAi(p) +47rVMi(p) - IGttV log r + 0(r^ log r). 

Note that 

67r / {Gi+G2)dVg = 67r'(Le)'(Ai(p)+A2(p))-127r2(Le)MogLe+67r'(Le)'+0((Le)MogLe), 
we get 

/^(l V0i|' + I V<^2r + V(l>iVh)dVg 

3 /■ 

= -J \Vw\'^dxdy -24:71 log Le 



-6nAi{pi) -enj G2dVg + 0((Le)^logLe). (6.1) 
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We have 

/ (f)^dVg = / wdVg - / r]HidVg + (4 log Le - 2 log (1 + ttL^) 

J T, J Bl J T, 

-A,{p)){l - [ dVg) + /■ (Aix + iJi,y)dVg 
-[ GidVg + 0{{Le)HogLe) 

J BjJp) 



= / we'^^'^'^'y^dxdy + 4 log Le + 27r(Le)2 log (1 + ttL^) 

J Bl 

-27r(Le)2 - A^{p) - 21og(l + ttL^) + 0((Le)^logLe). 

Because 

/ G2dVg = r'(21ogr + A2(j9))27rLeo?r + 0((Le)MogLe) 

J BLeip) J 

= 27rr2 logr - vrr^ + {Ai{p)Tir'^ + 0((Le)'^ log Le), 

we can see that 

/ (l>2dVg G2dVg- [ G2dVg- [ ri(32dVg + (2\og Le + A,(p)) [ dVg 

-e- I ^ + 21og (l + ^I^^) ^,,.,,)^^^^ ^ 0{{Lef\ogLe) 

J Bl 2 

= / we'^(^^'^^)(ix(iy-7r(Le)Mog(l + 7rL2)+7r(Le)' + 0((Le)^logLe). 

^ Br. 



Hence, 



/ {(t>i + (t>2)dVg = + 41ogLe - eMog(l + ttL^) - 21og(l + ttL^) + 0((Le)Mog Le). 

(6.2) 



Denote B{p) = ^ and M = have 

log J ^e'^'dVg = loge2 + e2Mlog(l + 7rL2) -2e2(M + l)logLe 



+0(e^) + 0((Le)-MogL) + 0(-l). (6.3) 



It is easy to see that 

/ e^'dVg^O{{Ley), 

and 

/ e^^dVg^O{{Le)% 

Since / e'^^ = 1, we get 



log /^e^^ = log(l - 0((Le)^)) = 0((Le)^). (6.4) 
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In the end, we can deduce from (6.1), (6.2), (6.3) and (6.4) that 
$o(0) = -47r-47rlog7r + 2y"G2t^^g-e^(log(l + 7rL2)-21ogLe)(l + M) 

+0{^) + 0{eHogL) + 0{{Le)HogLe) + 0{e'). 
Let L^e^ = i^^pij^- Then for e sufficiently small, we have 

^o{(f)) < -47r -4:nlogn + 2j G2dVg. 

This proves our claim. 

Therefore, if E satisfies the condition that, 

max K(p) < 27r, 

pes 

we can see that converges to = {ui,U2) in H2 := i/^'^(E) x i7^'^(E), hence it is 
clear that $(m°) = inf„gi^2 ^(^)) that is, nP is a minimizer of $0 = ^- This completes 
the proof of the main theorem. 
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